For a graph G, the set D ⊆ V (G) is a porous exponential dominating set if 1 where dist(d, v) denotes the length of the shortest d v path. The porous exponential dominating number of G, denoted γ * e (G), is the minimum cardinality of a porous exponential dominating set. For any graph G, a technique is derived to determine a lower bound for γ * e (G). Specifically for a grid graph H , linear programing is used to sharpen bound found through the lower bound technique. Lower and upper bounds are determined for the porous exponential domination number of the King Grid K n , the Slant Grid S n , and the n-dimensional hypercube Q n .
Introduction
Domination in graphs is a tool used to model situations in which a vertex exerts influence on its neighboring vertices. For a graph G, a set D ⊆ V (G) is a dominating set if every vertex contained in V (G) \ D is adjacent to at least one vertex of D. The domination number, denoted γ(G), is the cardinality of a minimum domination set.
Exponential domination was first introduced in [6] and is a variant of domination that models situations in which the influence of an object exerts decreases exponentially as the distance increases. In particular exponential domination models the dissemination of information in social networks where the information's influence decays exponentially with each share [6] . Therefore, exponential domination analyzes objects with a global influence. Other variants of domination investigate objects with local influence. There are two parameters within exponential domination; porous and non-porous. This paper focuses on porous exponential domination. A porous exponential dominating set is a set D ⊆ V (G) such that w * (D, v) ≥ 1 for every v ∈ V (G), where the weight function w * is given by w * (u, v) = 2 1−dist(u,v) and dist (u, v) represents the length of the shortest uv path. The porous exponential domination number of G, denoted by γ
Preliminaries
All graphs are simple and undirected. A graph G = (V (G), E (G)) is an ordered pair that is formed by a set of vertices V (G) and a set of edges E (G), where an edge is the two element subset of vertices. For the two sets A and B, the Cartesian product of A and B is defined to be A × B = {(a, 
Linear programing is an optimization technique that takes a set of linear inequalities, or constraints, and finds the best solution of a linear objective function. An integer program is a linear program, with the restriction the variables can only be assigned integer values. Observe that γ * e (G) is equivalent to finding the optimal value of the following integer program introduced by Henning et al:
Notice that it is only feasible to run the program for graphs of small size, as the computation time for this integer program greatly increases as the size of the graph increases. To be able to run the program on graphs with larger sizes, the constraints in Integer Program 1.1 can be relaxed as shown in the following linear program.
Linear Program 1.2. [9]
The Cartesian product of two graphs G and H , denoted G H , is a graph such that
Let G m,n = P m P n be the standard grid. A grid graph is the standard grid with possibly additional edges added in a regular pattern. Notice that linear programming is a natural technique to apply to grid graphs. Observe that asymptotically, G m,n is equivalent to the torus C m C n , which yields the same lower bound for the corresponding exponential domination number.
The strong product of two graphs G and H is the graph G ⊠ H for which V (G ⊠ H ) = V (G) ×V (H ) and two distinct vertices are adjacent whenever in both coordinate places the vertices are adjacent or equal in the corresponding graph. The King grid is defined as K n = P n ⊠ P n . Let [n] = {1, 2, . . . , n}. Consider the paths P n and P m with vertex sets [n] and [m], respectively. Then the Slant grid is defined to be S n = P n P m with the additional edges {i , j } ∼ {i +1, j +1}, for i ∈ [n−1] and j ∈ [m−1]. Notice that K n and S n are both instances of grid graphs. The n-dimensional hypercube graph, denoted Q n , is constructed 
Motivation
For m ≤ n consider C m C n , the torus graph. Exponential domination of C m C n was first studied in [1] . The lower bound for γ * e (C m C n ) was improved in [5] by taking the counting argument from [1] and applying it to linear programming. Theorem 1.5. [5] For all m, n ≥ 11,
This paper was motivated by the work on determining γ * e (C m C n ) from [1] and [5] . The case specific lower bound technique from [5] is generalized to all graphs and the linear programming method detailed in [5] is generalized to all grid graphs.
A Lower Bound Technique
In this section, a technique for determining the lower bound of the exponential domination number of any graph is derived. Through the use of linear programing, this technique is improved specifically for grid graphs. Note that the bound in Lemma 2.1 is sharp if w 
Proof. Observe that 
Mixed Integer Linear Program 2.3.
Remark 2.4. Observe that Remark 2.2 localizes the global nature of exponential domination. Recall that exponential domination has a growth factor of 1 2 . Therefore this method can be applied to the variant of exponential domination with the growth factor of 1 p for p ≥ 3. Furthermore, the method can be applied to other variants of domination to obtain a lower bound for the corresponding domination number. However, it is unclear whether the lower bound derived will be significant.
Mixed Integer Linear Program Setup
The setup for Mixed Integer Linear Program 2.3 is now discussed. Consider the m ×n grid graph G and let D be a corresponding exponential dominating set. For a fixed d 0 ∈ D and given an odd positive integer r ≤ min{m, n}, define H to be the r × r subgrid of G centered at d 0 . Label the set of vertices V (H ) as {v 1 , v 2 , . . . , v r 2 } and let the indices of the interior vertices of H be defined as Let 0 and 1 denote the 0s and 1s vectors of length r. Then the two constraints of Linear Program 1.2 with respect to the grid graph construction are that Ax ≥ 1 and x ≥ 0. The remaining two constraints of Mixed Integer Linear Program are now discussed. By construction, any member of D assigns itself weight 2, and the remaining vertices do not have any initial weight. This gives the first integer constraint that x 1 = 2 and x i ≤ 2, for i ∈ I . Observe that it is necessary to determine an upper bound for w
can be decreased by the appropriate amount. To ensure this, we want
Therefore, the second constraint is Ax ≤ b.
Main Results
In this section the lower bound technique discussed in Section 2 is applied and upper bound constructions are found to bound the exponential domination number of the the King grid K n , Slant grid S n , and n-dimensional hypercube Q n .
The King Grid K n
For small values of n, the exact value of γ * e (K n ) can be determined using Integer Program 1.1. Let D be an exponential dominating set for
This shows that m(K n ) < 34. This fact, along with the optimal values of k determined by Mixed Integer Linear Program 2.3 can be applied with Lemma 2.1 to determine a lower bound for γ * e (K n ). Table 3 .1 for a summary of these results. Observe that for n ≥ 11, there is no feasible solution with Mixed Integer Linear Program 2.3. This is caused by the constraint Ax ≤ b, since it puts a bound on the reduction of how much weight the center vertex can send out to the remaining interior vertices. Thus the best use of Mixed Integer Linear Program 2.3 will occur at n = 7. Proof. Let n = 23q + r, for some q, r ∈ Z and 0 ≤ r < 23. Let H denote the 23q × 23q subgrid of K n . Notice that we may tile H with the tiling scheme T K , as shown in Figure 3 Proof. This result follows directly from Theorem 3.2.
Similarly to Conjecture 1.4, we make the following conjecture.
Conjecture 3.4. For all n,
n 2 23 ≤ γ * e (K n ).
The Slant Grid S n
Integer Program 1.1 can be utilized in terms of S n to determine the exact value of γ * e (S n ) for small values of n. These values, as well as the locations of the exponential dominating vertices, are illustrated in Figure  3 Let D be an exponential dominating set for S n . Notice that for d ∈ D, we have that |S k (d )| ≤ 6k for k ≥ 1. Then we can bound the total weight that d sends to V (S n ) with
Therefore it follows that m(S n ) < 26. This fact, along with the optimal values of k determined by Mixed Integer Linear Program 2.3 can be applied with Lemma 2.1 to determine a lower bound for γ * e (S n ). Table 3 .2 for a summary of these results. Observe that for n ≥ 9, there is no feasible solution with Mixed Integer Linear Program 2.3. This is caused by the constraint Ax ≤ b, since it puts a bound on the reduction of how much weight the center vertex can send out to the remaining interior vertices. Thus the best use of Mixed Integer Linear Program 2.3 will occur at n = 7. Proof. Let n = 19q + r, for some q, r ∈ Z and 0 ≤ r < 19. Let H denote the 19q × 19q subgrid of S n . Notice that we may tile H with the tiling scheme T S , as shown in Figure 3 .4. Let D S be the exponential dominating set that contains the 19q 2 vertices used to tile H , as well as V (S n \ H ). Therefore γ * e (S n ) ≤ 19q 2 + 38qr + r 2 , and we obtain the following asymptotic density:
as the limit equals zero.
Proof. This result follows directly from Theorem 3.6.
Similarly to Conjecture 1.4, we make the following conjecture. ≤ γ * e (K n ).
The n-dimensional hypercube
As Q n is not a grid graph, the method used to determine a value of k for Lemma 2.1 in Remark 2.2 cannot be used to find the lower bound γ * e (Q n ). In order to determine such a lower bound, a new method is used where distance properties of Q n are exploited.
Let D be a minimum exponential dominating set for Q n and let d ∈ D. Observe that for u, v ∈ V (Q n ), the length of the shortest uv path in Q n can be determined by the minimum number of digits that must be changed to get from u to v. Then for all v ∈ V (Q n ), we have that:
Thus it follows that m(Q n ) = 2 3 2 n .
In the following theorem, the decomposition in Figure 3 .5 and value of m(Q n ) are used to show that
Theorem 3.9. For all n ≥ 1, 2
Proof. We begin with the lower bound. Let D be an exponential dominating set for Q n and suppose that d = {0, 0, . . . , 0} ∈ D. Let A = {a ∈ V (Q n ) : a has an odd number of 1 n−2 )) ≥ 1. As neighboring vertices also receive weight, w
. This implies that D ∪ D ′ forms an exponential dominating set for Q n . Let a n = γ * e (Q n ) and a n−2 = |D| = |D ′ |, so a n = 2a n−2 . We now show that a n ≤ 2 n 2 by induction. Observe that when n = 2, we have that a 2 = 2 ≤ 2 1 . Now suppose that a n ≤ 2 n 2 holds for all n < k. Now consider the case when n = k. Then using the inductive hypothesis,
Therefore by induction, γ * e (Q n ) ≤ ( 2) n .
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Appendix
This sections consists of the SAGE code referenced throughout A linear programming method for exponential domination. 4 
p . s e t _ i n t e g e r ( x [ l i s t [ i ] ] )

47
# Adds in c o n s t r a i n t that inner v e r t i c e s have weight
S v e r t s = Slant . v e r t i c e s ( )
5
# This matrix r e p r e s e n t s the weight that 6 
# v e r t e x i sends to v e r t e x j in the Slant gr id
A[ i , j ] = ( 1 / 2 )^( Slant . d is t an ce ( S v e r t s [ i ] , S v e r t s [ j ] ) -1)
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# Co n s t r u ct s i n t e g e r program
